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Classical Classification Process

Learning of each feature aj
According to each class Oi

Estimation
of each feature aj
by each sensor

Comparison
Likelihood on {Oi},

exclusive and
exhaustive

Assignment of the 
most likely class Oi

Unknown
object
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Further Needs in Classification

Independent assessment of a 
variety of properties Hi about an 
unknown object by the sensors, 

eventually at different times

Likelihoods on {Hi,¬ Hi}

Transposition at a same time 
& combination

Likelihood on {Oj}, 
exclusive & exhaustive

Selection of a set of classes that 
most likely includes the right one



4

A
. A

pp
rio

u 
–

W
or

ks
ho

p 
TB

F

Frames of Reference in Fusion Processes

Interpretation & modelling 
of disparate data:
• Measurements
• Prior knowledge, learning
• Contextual information

Matching of ambiguous data:
• Space
• Time

Combining:
• Disparate frames of 

reference
• Uncertain dependencies
• Dynamic updating

Decision space:
• Legitimacy / information
• Pertinence / needs

Reliability 
management

Conflict
management
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Foundations

Frame of discernment : { } [ ]IiHE i ,1, ∈= Exclusive, exhaustive

Mass function : [ ] ,1,02 →E 0)(,1)( =∅=∑
⊆

mAm
EA

Belief function : minimum likelihood

∑
⊆

=
BA

AmBBel )()( B A

Plausibility function : maximum likelihood

∑
∅≠∩

=
BA

AmBPl )()(

)(1)( BBelBPl ¬−=
B AA

A

Focal element :

0)(thatsuch
,

≠
⊆

Am
EA
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Conditioning - Deconditioning

Pl(B / A) = Pl(B∩ A)
Pl(A)

m(C / A) =
m(B)

B∩A=C
∑

m(B)
B∩A≠∅
∑

E

A

B

C

Conditionnement

EAA
Em

⊂,certain
on(.)

Conditioning

Deconditioning
∀B⊆ A, Pl(B) = Pl(B / A) Pl(A)

∀B⊄ A, Pl(B) = ? ?
Minimal

commitment

∀B⊆ A, m(B∪¬A) = m(B / A)

E

A

B
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Refinement - Coarsening

{ } { }2
2

2
1

21
1

1
1

1 ,...,,..., I
R

I HHEHHE =⎯→⎯=

( ) ( ){ } 21
1

1
1 ofPartition,, EHRHR I =…

Refinement:

∀A⊆ E1 , m2(R(A)) = m1(A)

2211 on(.)on(.) EmEm R⎯→⎯

1E
2E

Coarsening:
1122 on(.)on(.)

1

EmEm R⎯⎯→⎯
−

( )

{ }
∑

∅≠∩=
⊆

=

BHRHA
EB

ii

BmAm

)(/

21

11

2
)(

1E
2E
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A Federative Approach

Conditioning
Deconditioning

Extension
Elaboration

Particular casesRefinement
Coarsening

Evidence transfer from 
one frame to another:
• Classification
• Indirect assessment
• Knowledge propagation
• Updating
• Prediction

Elaboration of coherent operators:
• Reliability management
• Disparate sources combination
• Decision

Related developments:
• Data modelling
• Conflict management
• Matching of ambiguous data
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Management of Disparate Frames of Discernment 
and Dependencies

e
e
E

Pl
on 

(.) s
es

E
EBPl

on 
)/(. ⊆

s
er

E
EE

  tolinks with elements
:⊆

s
s
E

m
on 

(.)

Extension

incomplete (.),
),/(.,(.)

sr
ese

Pl
EBPlPl ⊆

∑
⊆

×=
×

×

×
⊆

=×

rEB
srs

srs

srrssr

rs
re

ers
sr

BAmAm
EEE

PlEEm

EE
EPl

BPlEBAPlBAPl

)()(
:   to from Coarsening

(.) respect to with on  commitment minimal of (.)

on  
)(

)()/()(1

2

3
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Determination of m(.) with Minimal Commitment

EPl on  (.)Incomplete

∑
⊆

=
EA A

AmmSp

m
)()(

minimizing(.)Complete B

1)( =Em

maximal  -
1)(-

such that

B
BPl
EB

≠
⊂

)()( BPlAm

EA
BA

−
⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

=∆ ∑
⊆

∅≠∩
0>∆

( ) minimal   -
,-

such that(.)ofelement  focal

11 −− −−
∅≠−∅≠∩

=

ABA
BABA

mA

scanned
All B

)(Am≥∆( )BAAm −→)(

)(Am
( )BA−
A

∆

∆−)(Am

Yes

No

Yes

No

End

Yes

No
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Example

1)( =Em

4.0)(
6.0)(

1 =
=

Hm
Em

1.0)(
4.0)(

5.0)(

3
1

=
=
=

Hm
Hm
Em

1.0)(
4.0)(

2.0)(
3.0)(

3
1

31

=
=

=∪
=

Hm
Hm

HHm
Em

1.0)(
4.0)(

1.0)(
2.0)(

2.0)(

3
1

32
31

=
=

=∪
=∪

=

Hm
Hm

HHm
HHm

Em

6.0)( 32 =∪HHPl

9.0)( 21 =∪HHPl

3.0)( 2 =HPl

8.0)( 1 =HPl

Input

Unique solution

{ }321 ,, HHHE =
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Multidate Image Classification

P(sand) = 0,25
P(water) = 0,30
P(field) = 0,4
P(forest) = 0,05

P(sand) = 0
P(water) = 0,45
P(field) = 0,54
P(forest) = 0,01

⊕

Prediction

m(sand) = 0
m(water) = 0,60
m(field) = 0,39
m(forest) = 0,01

m(sand∪water) = 0,5
m(water) = 0,05
m(field) = 0,4
m(forest) = 0,05

⊕

P(sand) = 0
P(water) = 0,5
P(field) = 0,45
P(forest) = 0,05

P(sand) = 0,5
P(water) = 0,05
P(field) = 0,4
P(forest) = 0,05



13

A
. A

pp
rio

u 
–

W
or

ks
ho

p 
TB

F

Reliability Management

Em on (.)′Extension

Em on(.)Observation of
contextual data

Characterization
of reliability /
contextual data E

EFPl F
on 

)/(. ∈

{ }
"reliable is(.)"

 where,,
on Modelling

mF
FFEF

=
¬= )(

)(
FPl

FPl
F
F
¬

))(1()(1)(
)()()(

:))(1(gDiscountin

EmFPlEm
EAAmFPlAm

FPl

F
F

F

−−=′
⊂∀=′

−→ Optimal solution if mF(.) Bayesian
(msr(.) of minimal commitment)

→ Suitable but suboptimal solution
otherwise
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Pixel Classification in Multispectral Images

2 IR sensors : 2 - 2,3 µm, 0,4 - 0,6 µm
2 hypotheses : Asphalt, Vegetation
1 contextual variable / sensor j :

water vapor transmittance Tj

Learning in summer :

Validity Domain / sensor j :

Real data in winter 
Transmittance observation : Tj

m

),/( a
jija THsp

µij

Tj
a

1

d
Tj

Probability
TE with reliability
management

Sensor 1
Sensor 2

T1
m decreases from T1

a to 0

Recognition rate
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Disparate Source Combination

xx Em on(.)

zz Em on(.)

zyxz EEEBPl on )/(. ×⊆

yx
hyixhixy

EE
BmBmBBm

×
=×

on 
)()()(

Extension
yx

xy

EE

Pl

×
on

(.)

Allowed elements 
of ExxEy

yy Em on (.)

yx
yxz

zyx

EE
EEBPl

EEE

×
×⊆

 of elements Allowed-
)/(.-

 and ,,between  relations Particular-
: of Definition

Particular rules
of combination
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Examples of Particular Rules of Combination

zyx EEE ==
otherwise 0)/(

linkallowedoneleast at covers""it if 1)/(
=×⊆×
=×⊆×

yxhiz
yxhiz

EEBBAPl
EEBBAPl

Combination Rule Allowed Links Allowed elements
Orthogonal Sum BixBh → A=Bi∩Bh (Xi ,Yh), Xi=Yh

Disjunction BixBh → A=BiUBh ExxEy

Dubois & Prade BixBh → A=Bi∩Bh, if Bi∩Bh≠Ø
BixBh → A=BiUBh, if Bi∩Bh=Ø

ExxEy

Yager BixBh → A=Bi∩Bh, if Bi∩Bh≠Ø
BixBh → Ez, if Bi∩Bh=Ø

ExxEy

Conflict managementInformation management

Conflict Modelling & interpretation according to axioms
Specific combination rule, to exploit available information



17

A
. A

pp
rio

u 
–

W
or

ks
ho

p 
TB

F

Synthesis of Binary Estimations

{ }Ni HHHE ,,,,ontion Discrimina 1 ""=

{ }jiij
ij

HHE
SNN

,oneach 
 sources2/)1(

=
−× ( ) ( ) ( )

[ ] [ ]NijNi
ignPHPHP ijjijiij
,1,1,1

1.
+∈−∈

=++

Combination of one-to-one
comparisons:

( ) ( )
( ) ( )
( ) ( ).indPEm

HPHm
HPHm

ijijij
jijjij
iijiij

=
=
=

( )
jHHEH

EHHHH
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i
ij

i

ij
ijijk

S
ij

k

ij

∀=∈∃

∈=

∏

,,:such that
,,,,

:of  elements Allowed

12 ""

{ }

otherwise0
,if1

/

=
∀=∈∃=

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⊆=⊆ ∏

∈

jHHAH

EHBEAPl

i
ij

i

SS
ij

k

ij

( ) ( )[ ]
[ ]

K

indPHP

HPl ij
Nj

jiiji

i −

+

=

∏
≠

∈

1

.

)(
,1

,,Combination
with respect

to i & j
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Fusion of Binary Classifiers

{ }

6,0)(
4,0)(

,

212
112

2112

=
=

=

Hm
Hm

HHE

otherwise 0)/(
),,( :or
),,( :or

),,( :either
:covers""it if1)/(

312312
333
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111
312312

=××⊆
→
→

→
=××⊆

EEEBAPl
HHHH
HHHH

HHHH
EEEBAPl

j
j

j

),,(
),,(

),,(
:elementsAllowed

33
22

11

HHH
HHH
HHH

j
j

j

{ }

7,0)(
3,0)(

,

323
223

3223

=
=

=

Hm
Hm

HHE

{ }

7,0)(
3,0)(

,

131
331

1331

=
=

=

Hm
Hm

HHE

{ }

31,0)(
27,0)(
42,0)(

,,

3
2
1

321

=
=
=

=

Hm
Hm
Hm

HHHE

Combination

H1

H2 H3

Sij → Discrimination between Hi et Hj
Distance / learning → Pij(Hi)+Pij(Hj)=1
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Combination of Preferences in Multicriteria Decision

{ }

3,0)(
5,0)(
2,0)(

,

12
212
112

2112

=
=
=

=

ijEm
Hm
Hm

HHE

otherwise 0)/(
),,( :or
),,( :or

),,( :either
:covers""it if1)/(

312312
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312312

=××⊆
→
→

→
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EEEBAPl
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j
j

j
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:elementsAllowed
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HHH
HHH
HHH

j
j

j

{ }

6,0)(
4,0)(

,

323
223

3223

=
=

=

Hm
Hm

HHE

{ }

6,0)(
4,0)(

,

131
331

1331

=
=

=

Hm
Hm

HHE

{ }

24,0)(
32,0)(
30,0)(
,,

3
2
1

321

≅
≅
≅

=

HPl
HPl
HPl

HHHE
Combination

H1

H2 H3

Sij : Survey about preferences
between Hi and Hj

→ Statsitics of opinions:
Pij(Hi)+Pij(Hj)+Pij(ign.)=1
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Conflict: Back to Zadeh’s Paradox

1)(
0)(
0)(

3
2
1

=
=
=

Hm
Hm
Hm

01,0)(
99,0)(

0)(

32
22
12

=
=
=

Hm
Hm
Hm

01,0)(
0)(

99,0)(

31
21
11

=
=
=

Hm
Hm
Hm

{ }

rBrain tumo 
Contusion 
Meningitis 
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3
2
1

32121

=
=
=

===

H
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H

HHHEEE

Orthogonal Sum

0099,0)(
0099,0)(
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0001,0)(
0)(
0)(
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23
12
3
2
1

=
=
=
=
=
=
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z
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=×⊆
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{ }312312321 ,,,,, HHHHHHEz =
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Data Modelling

Principle : separate assessment of each hypothesis or proposition

jst Measuremen
iij HC  of 

Likelihood

)(
)/(
)(

:modellingSensor 

jj
jj
jj

u
usp
sfu

µ

=

)(
)/(

:for  ofLearning

ji
ij

ij
ij

u
Hup

u
Hu

µ { }iii
ij

HHE
m

¬= ,
on (.)

Modelling
jufeature of

zationCharacteri
iH hypothesis of

zationCharacteri

ijiij CHPl =)(
Solution

Potential variety of inputs
Incomplete information processing - Modularity - Evolutivity
Reasoning on disparate propositions
Separate reliability management for each hypothesis
Contextual data processing: Ei → EF = {F,¬F}
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Image Fusion for Aerial Recognition

0

0,1

0,2

Aircraft Tank Truck Car Others

Pl(x/length,scattering)

Good
recognition

Fusion

IR

SAR

Extraction

Fuzzy
knowledge

0

1

Aircraft Tank Truck Car Others

µx(length) Indecision

0

0,1

0,2

0,3

Aircraft Tank Truck Car Others

P(scattering/x)
Error Stochastic

learning
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Decision : the Dilemma

ii
ii

HAAH
HAAH

≠=
==

if0),(
if1),(

λ
λ

AHAH

AH
A

AH

ii

ii

∉=

∈=

if0),(

if1),(

λ

λ AHAH
AHAH

ii
ii
∉=
∈=

if0),(
if1),(

λ
λ

Maximum of Belief Maximum of Plausibility

Pignistic criterion

… …

{ }
Em

HHE I
on(.)

,,1 …= ))(),((max AmAH
EA

i
i

∑
⊆
λ

Choice of the most likely hypothesis
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Decision : Set of the most Likely Hypotheses

E = H1,..., HI{ }
Ed = d1, ...,dD{ }

EAd
H

jj
i

⊆=
=

of Choice
Hypothesis

))()((max
:Decision

jjd
j

APldm

Em on(.)

Bayesian
on(.) dd Em

Bayesian
on (.) df Em

AHd
EEBPl

iA
dd

∈
=×⊆

  tolink  to
0or 1)/(. ( )

AH
EEdH

i
dAi

∈
×∈

 if allowed
,

Combination

Adjustment of IAjI
in the decision

Set of hypotheses that includes most likely the right one
(≠ set of the best hypotheses considered separately)
Adjustable compromise between likelihood and precision
Ambiguities :

• Parametric adjustment
• Use of a secondary criterion :

{ })()/(min jjjjd
j

APlAAdm ¬¬=′′
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A Few Didactic Examples

m(H1) 0,2 0,1 0,4
m(H2) 0,1 0 0
m(H3) 0,3 0,3 0
m(H1∪H2) 0,2 0,5 0
m(H2∪H3) 0,1 0,1 0,6
m(E) 0,1 0 0
Solution(s) with |.|=1 H1, H2, H3 H1, H2 H2, H3

Solution(s) with |.|=2 H1∪H3 H1∪H3 H1∪H2, H1∪H3
Secondary criterion H3 H1 H2, H3
Pignistic criterion H3 H1, H3 H1
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Ambiguous Observation Matching

Difficulties :
• Ghosts
• False Alarms
• Hidden targets
• Non-Detections

Sensor 1 Sensor 2

Orthogonal spatial resolutions :
• Localization
• Discrimination of multiple targets

s2m

S
en

so
r 1

Sensor 2

x1n

x2m

xnms1n

Formulation :
Look for the most likely singleton
in the set E of identity distributions
over cell intersections

Simultaneous detection, localization, 
counting, identification of all targets
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Matching Process

- Signal sj
h in cell h of sensor j

- Prior knowledge on identity i 

Likelihood Cij
h of identity i in cell h

Modelling

{ }ii
h
ij HHm ¬,on  (.)

- Signal s1
n in cell n of sensor 1

- Signal s2
m in cell m of sensor 2

- Joint probability distribution
or fuzzy similarity relation

Similarity Rnm of s1
n & s2

m

Modelling

Emnm on  (.)

Combination according to
identities i, sensors j, & cells h

Combination according to
cells n & m

CombinationE
mc

on 
(.)

E
ms

on 
(.)

Maximum of Plausibility
Em on  (.)
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Application to Detection

x11

x12

x21 x22

x31

x32

x41 x42

x11 x12

x21 x22

Sensor 2

S
en

so
r 1

S
en

so
r 3

Sensor 4

- Statistical learning of signals
with and without target

- Fuzzy similarity relation 
between signals of sensors 
looking at a same target

0
0,1
0,2
0,3
0,4
0,5
0,6
0,7
0,8
0,9

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Mean recognition rate of target distribution

Maximal number of ambiguities

(3)

(1)

(2)

(1) Classification criterion
(2) Similarity criterion
(3) Global criterion
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Tracking in Dense Environment

A global approach: Multiple Signal Filter (MSF)

Learning: 
Features / Identities Hi

Features / Cell xln / Sensor Sj
l

Likelihood
of identities /
résolution cell

Fusion /
•Identities

•Cells
•Sensors

(.)ln
ijm

{ }ln
i

ln
i

ln
i

HH
E
¬
=

,

Likelihoods of
Identity distributions /

intersections of cells xm

Fusion
Observation

+
Prediction

Belief FunctionsBayes

Gating

Updating

Prediction
mα

mβ

Likelihoods
of positions
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Examples

2D radar in (0,0)

Signals:
N(0,1) No target in the cell
N(S,1) Target level S in the cell

•Reliable statistical learning
•Initialization error only
•Tracking of target S=4

Pulse radar
+ IR sensor
in (0,0)

Discrimination Matching
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Concluding Remarks

Collection of coherent operators 
that meets emerging fusion needs

• Independent interpretation of 
heterogeneous data in a same process

• Integration of contextual observations
• Reliability management
• Management of disparate frames of 

reference and dependencies
• Conflict and information management
• Ambiguous data matching
• Open decision principles
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